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ÜÅ@ê�

• Üþ�ä!¼ê§������´!�"
• XJfi+2 = fi+1 + fi§K¡[f0, f1, . . . , fk]ÜÅ@ê�"

• ~

F = [a0, a1] = [0, 1]

H = [a0, a1, a2] = [0, 1, 1]

K = [a0, a1, a2, a3] = [0, 1, 1, 2]

. . .

• ÜÅ@ê��¤�Üþ�ä¦�§=#{F,H,K, . . .}|{=2

}¯K§kõ�ª�m�{"
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�{�µ|^µ45�

• ÜÅ@ê�'uXeü«$�µ4§Ï?ÛÜÅ@ê��
¤�ëÏ�Üþ�ä�´ÜÅ@ê�"

•

• ~
é1��$�§XJF = [f0, f1, . . . , fk]´ÜÅ@ê�§#��
�¼ê[f0 + f2, f1 + f3, . . . , fk−2 + fk]�´"

• ÜÅ@ê�kõ�ª�Ý�L«§¿���z«$��Ñ\
ÚÑÑ´õ�ª�m�±O��"
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�{�µ�E�{

•
fi+2 = fi+1 + fi

• ��§x2 = x+ 1�ü��´a, b"w,ab = −1"

• [1, a, a2, . . . , an]÷v4í'X§´ÜÅ@ê�"

• d¼ê��ê�ý�L�þ/ªµ(1, a)⊗n"

•
c(1, a)⊗n + d(1, b)⊗n

= (c(1, 0)⊗n + d(0, 1)⊗n)

(
1 a
1 b

)⊗n
= “[c, 0, . . . , 0, d]”

(
1 a
1 b

)⊗n
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£�µ�E8�

a'A~(AB)C = A(BC)"

½n
#{FM⊗3}|{H}Ú#{F}|{M⊗2H}�
�Ó"
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�E�{�Ä

• M =

(
1 a
1 b

)
• mý�����C¤

•

M⊗2“[1, 0, 1]”

• §�du

MEM ′ =

(
1 a
1 b

)(
1 0
0 1

)(
1 1
a b

)
=

(
1 + a2 0

0 1 + b2

)
• £�product type"

• ��Ý
Ä�±����'X"
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[x, y,−x,−y, . . .]
• �ìÜÅ@ê���{§4í'X´fi+2 + fi = 0"

• �§x2 + 1 = 0�ü��´i,−i"
•

c(1, i)⊗n + d(1,−i)⊗n

= (c(1, 0)⊗n + d(0, 1)⊗n)

(
1 i
1 −i

)⊗n
• M =

(
1 a
1 b

)
• mý�����C¤

•

M⊗2“[1, 0, 1]”

• §�du

MEM ′ =

(
1 i
1 −i

)(
1 1
i −i

)
=

(
0 2
2 0

)
= 2“[0, 1, 0]”
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• Ûê�Ý�“ 6=2 ”�ØU�÷v"

• ��l[x, y,−x,−y, . . .]�Üþ�äwµ

•
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Ù�¼ê�Fp�/ª

• F : {0, 1}n → {0, 1}
• �5¼êµ
F (X+Y ) = F (X)+F (Y )

• F (X) = a1x1 + a2x2 +
· · ·+ cnxn

• F�ý�L´��2n��þ§kIOÄ"
• �5¼ê8Ü{χs|s ⊆ [n]}´�|Ä"

• Proof.

HadmardÝ
H =

(
1 1
1 −1

)
÷�"

H⊗n�1Ò´{χs|s ⊆ [n]}"
• F�Fp�/ª§Ò´§3�5¼êÄe��I�þ§

F̂ = H⊗nF, F̂ (s) = 〈F, χs〉
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F��5¼ê�ål

F̂��Ý:

• 〈F, F 〉 = 2n

• F̂ = H⊗nF

• 〈F̂ , F̂ 〉 = 22n

F��5¼ê�ål:

• F̂ (s) = 〈F, χs〉
• F̂ (s)�uFÚχs��Ó:ê8~�ØÓ:ê8"

• XJF�¤kχs����éål´ρ £ØÓ:êØ±o:
ê¤§
∀s, F̂ (s) ≤ (1− 2ρ)2n"
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�5uÿ

• 8�µuÿF´Ä�C���5¼ê"
• �Åuÿ�{µ�ÅÄ�X,Y§XJF (X�Y ) = F (X)F (Y )§
ÒÏLuÿ¶ÄK§áý"

• ^pL«F�uÿáý�VÇ"
• XJF´�5¼ê§p = 0"

• ½n
XJF�¤kχs����éål´ρ§áýVÇp ≥ ρ"
• y²µ ∑

s

F̂ 3(s) ≤ max
s
F̂ (s) 〈F̂ , F̂ 〉 = (1− 2ρ)23n

(1− 2p)22n´�5uÿÄ��22n|(X,Y )¥§ÏL�ê8~
��áý�ê8§
�Iy²ù�ê8´ 1

2n
∑

s F̂
3(s)"
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£�µ�E8�
AB = AEB = AMM−1B = (AM)(M−1B)"(E´ü 
)

½n
#{F}|{G}Ú#{f}|{g}3�Ó
�ãþ����"Ù¥§

F = fM⊗3§

(M−1)⊗2g = G"
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�E8�µ�5uÿ�Üþ�ä�´ 1
2n

∑
s F̂

3(s)
�5uÿ�Üþ�äµ

• Ù�A´�5uÿ¥§ÏL�ê8~��áý�ê8§
=
∑

X,Y F (X)F (Y )F (X � Y )"

• mýµn�¼êF"
• 1��¼êF�n^>´x1, x2, . . . , xn§1��¼êF�n^
>´y1, y2, . . . , yn§1��¼êF�n^>´z1, z2, . . . , zn"

• F"é?Ûj = 1, 2, . . . , n§zj = xj � yj"
• �ýµ1j�¼ê´[1, 0, 1, 0]£P�⊕3¤§�^uxj , yj , zj"

�E8�µ

• ^H�^umýn�¼êF"
• ^1

2H�^u�ýn�¼ê⊕3"

• mýC¤F̂"
• �ýC¤1

8“[1, 0, 1, 0]”H⊗3 = 1
2“[1, 0, 0, 1]”"

• #�ý�¦#n|>X ′, Y ′, Z ′�Ó"
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ÜÅ@ê��{ #([x, y,−x,−y])��{ �5uÿ �-F ÈÚª2npoly(n)�{

�5uÿ��E8�w{

• ±HadmardÝ
�Ä��E8�C�§r�5uÿ¥�U
VÇ¦F (X)F (Y )F (Z)Ú§Ù¥�X,Y, Z�m�Ûó5�
å§=z¤
���åX = Y = Z�Ó�§�rF=z¤

Fp�/ªF̂§C¤
¦F̂ 3(X)Ú§?ÏLmaxX F̂ (X)r
uÿáý�VÇÚ��5¼ê�åléXå5"
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ÜÅ@ê��{ #([x, y,−x,−y])��{ �5uÿ �-F ÈÚª2npoly(n)�{

�5f�m�«¼ê�Fp�/ª

• �E8��g���^ugadget§½ö`m��Üþ�ä"

• 3Holant¯K��©½n¥kéõù�ØÕ���^{"

• ^�5f�m��«¼ê�Fp�/ª��~f§
• 3{ü�µeÐ«�g�(¹�$^��ª§
• ES�eH§=k§⊕k"

�E8���
�E,�A^|µµ

• �õ�ª��8�(Üy²#P(J5

• �½Â�e�A^
• ���3�½Â�
• C½Â�A^
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ÜÅ@ê��{ #([x, y,−x,−y])��{ �5uÿ �-F ÈÚª2npoly(n)�{

• HadmardÝ
H =

(
1 1
1 −1

)
• k���¼ê=k§[1, 0, . . . , 0, 1]"

• k�Ûó5¼ê⊕k§[1, 0, 1, 0 . . .]"

• HC=k�⊕k§C⊕k�=k"

• Ù�½Â���5f�m§´��Ùg�5�§|�)8
Ü"

~ {
x1 + x2 + x3 = 0

x2 + x3 = 0
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ÜÅ@ê��{ #([x, y,−x,−y])��{ �5uÿ �-F ÈÚª2npoly(n)�{

χL�Üþ�ä

•

•
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ÜÅ@ê��{ #([x, y,−x,−y])��{ �5uÿ �-F ÈÚª2npoly(n)�{

/��Ö�m0

•

{
x1 + x2 + x3 = 0

x2 + x3 = 0

•


y1 = z
y2 = z + w
y3 = z + w
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ÜÅ@ê��{ #([x, y,−x,−y])��{ �5uÿ �-F ÈÚª2npoly(n)�{

£�ÈÚª))óã����{��ê8

• M´n× nÝ
"

½Â

Perm(M) =
∑
π∈Sn

n∏
j=1

Mj,π(j)

• Uìd½ÂO�§I�O(n n!)Ú"
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ÜÅ@ê��{ #([x, y,−x,−y])��{ �5uÿ �-F ÈÚª2npoly(n)�{

Inclusion-exclusion

• ∣∣∣∣ n⋂
i=1

Āi

∣∣∣∣ =

∣∣∣∣S − n⋃
i=1

Ai

∣∣∣∣ =

|S| −
n∑
i=1

|Ai| +
∑

1≤i<j≤n
|Ai ∩Aj | − . . .+ (−1)n |A1 ∩ · · · ∩An| .

• b�����Ñy3k > 0�8Ü¥§3m>§�Oê

1−
(
k

1

)
+

(
k

2

)
−
(
k

3

)
− . . .+ (−1)k

(
k

k

)
= 0
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ÜÅ@ê��{ #([x, y,−x,−y])��{ �5uÿ �-F ÈÚª2npoly(n)�{

Ryserúª

•

M =

 a11 a12 . . .
a21 a22 . . .
...

...
. . .


• �Äφ(M) = (a11+a12+· · ·+a1n)(a21+a22+· · ·+a2n) · · · (an1+
an2 + · · ·+ ann)

• φ(M)Ðm�����8§=z1Ñ���n��¦È"

• Perm(M)¤¦Ú�§´z1Ñ��¿�z�Ñ���n��
¦È"

• ¯�AiL«§¦È¥�n�5gz�1§Ø5g1i�"
•

Perm(M) = φ(M)−A1 −A2 · · · −An +A1 ∪A2 + · · ·
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Ryserúª

• -
Sk =

∑
B´M�n×(n−k)fª

φ(B)

•

Perm(M) =

n−1∑
k=0

(−1)kSk
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ÜÅ@ê��{ #([x, y,−x,−y])��{ �5uÿ �-F ÈÚª2npoly(n)�{

Inclusion-exclusion�^ZetaÚMöbiusC�y²

•
(ζf)X =

∑
Y⊆X

f(Y )

(µf)X =
∑
Y⊆X

(−1)|X\Y |f(Y )

• http://resources.mpi-inf.mpg.de/conferences/adfocs13/material.html
ADFOCS 2013 Lukasz Kowalik’s talk slides, page 22
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•
(ζf)X =

∑
Y⊆X

f(Y )

(µf)X =
∑
Y⊆X

(−1)|X\Y |f(Y )

• http://resources.mpi-inf.mpg.de/conferences/adfocs13/material.html
ADFOCS 2013 Lukasz Kowalik’s talk slides, page 22

23 / 27



ÜÅ@ê��{ #([x, y,−x,−y])��{ �5uÿ �-F ÈÚª2npoly(n)�{

ZetaÚMöbiusC��ÜþÈ)º

• g´���2n�þ§1j1j2 · · · jn ∈ {1, 0}n©þL«Aj11 ∩· · ·∩
Ajnn ���"£A0

jL«Aj¤

• f´���2n�þ§1j1j2 · · · jn ∈ {1, ∗}n©þL«Aj11 ∩· · ·∩
Ajnn ���"£A∗jL«A

1
j ∪A0

j =�8¤

•

f =

(
1 0
1 1

)⊗n
g

• (
1 0
−1 1

)⊗n
f = g

•
g0···0 = (0, 1)⊗ng = (−1, 1)⊗nf = f∗···∗ − f1∗···∗ · · ·

=�8��− |A1| − · · · − |An|+ · · ·
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f = g

•
g0···0 = (0, 1)⊗ng = (−1, 1)⊗nf = f∗···∗ − f1∗···∗ · · ·

=�8��− |A1| − · · · − |An|+ · · ·
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• Akü«ãL«µn�:�k�ã§Ú2n�:�óã"

• V = {1, 2, . . . , n}§U = {1′, 2′, . . . , n′}"
Ã�óãH(V,U,E,W )¥§>(j, k′)��W (j, k) = Aj,k"

• Permanent(A)´H�¤k�{����Ú"

• U, V�:Ñ^¼ê[0, 1, 0, . . . , 0]"

• Permanent(A)´Üþ�äH��"

• �ÄÜþ�äH ′§rV�:�¼ê�¤[0, 1, . . . , 1]§�Ø
C"£���Ï¤

• [0, 1, . . . , 1] = (1, 1)⊗n − (1, 0)⊗n

• V�n�:§l¼ê{(1, 1)⊗n,−(1, 0)⊗n}¥À��§2n«À
{§À��´n�(§´�"

• eÑÀ(1, 1)⊗n§�´φ(A) = (a11 + a12 + · · · + a1n)(a21 +
a22 + · · ·+ a2n) · · · (an1 + an2 + · · ·+ ann)"

• Üþ��2§²L�EC���§��ukü���Cþ"
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